A Dynamic Model for Low-Pressure, Hollow-Fiber Ultrafiltration

One of the common ultrafilter designs is the hollow-fiber con-
figuration in which the membrane is formed on the inside of tiny
polymer cylinders that are then bundled and potted into a tube-
and-shell arrangement. The tubeside feed-concentrate flow is in-
variably laminar due to the small diameter. Axial pressure drop
and concentration polarization can have a significant effect on the
permeate flux achieved in these units, particularly when the feed
pressure is relatively low.

Several theoretical models have been published to predict and
correlate mass transfer phenomena in tubular membrane geome-
tries, most often with reference to high-pressure reverse osmosis
units. The usual approach is to obtain a perturbation solution of the
Navier-Stokes equations and then to use the resulting velocity
profiles to effect an approximate analytical or numerical solution
of the solute continuity equation. For example, Gill et al. (1971)
developed a solution for the case in which, among other assump-
tions, axial pressure drop and osmotic pressure are negligible.
Permeate flux is thus constant with respect to axial position in the
separator. They also presented results that took osmotic pressure
into account but still neglected axial pressure drop. The assumption
of spatially uniform permeate flux was invoked by Doshi and Gill
(1975) in a paper on unsteady-state effects and by Singh and
Laurence (1979) in a study of the effect of slip velocity at the
membrane. Hieber (1974) and Chang and Guin (1978) accounted
for the axial variation in osmotic pressure in their investigations
of natural convection but neglected the axial drop in hydraulic
pressure.

The primary objective of this study was to develop and test a
numerical solution of the pertinent equations that would account
for axial variation in both the hydraulic pressure and the osmotic
pressure. The focus, as noted above, is on low-pressure ultrafil-
tration systems in which both axial pressure drop and concentration
polarization have significant effects on permeate flux.

MATHEMATICAL MODEL

The model was developed to simulate forced-convection ultra-
filtration in a horizontal, tubular or hollow-fiber membrane system.
The feed-concentrate stream on the inside of the membrane tubes
is laminar, and mass density, viscosity, and solute diffusivity are
assumed to be constant. In dimensionless form and cylindrical
coordinates, the equation of continuity for the solute becomes
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Axial diffusion and angular effects (e.g., due to natural convection)
are ignored. The initial and boundary conditions are

C(0R,2) =1, (2)
C(T,R,0) =1, (3)
ac)
(‘b_li)zho =9, )
(_O_C) = VCPe. (5)
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The transient term is left in Eq. 1 to yield potentially useful in-
formation on the dynamics of the process since an iterative tech-
nique is required to obtain the steady-state solution anyway.
Equations 2 and 3 denote constancy of the feed solute concentra-
tion, Eq. 4 assumes radial symmetry, and Eq. 5 is a solute mass
balance written at the membrane surface, assuming perfect solute
rejection.

Yuan and Finkelstein (1956) used a perturbation technigue to
solve the Navier-Stokes equations and obtain steady-state velocity
profiles for laminar flow through a porous tube. For the small
values of permeation velocity and tube radius that are appropriate
to this work, their results reduce to the dimensionless equations

U =2(1-2V,,Z)X1 - R?), (6)
V =V,,(2R — R3). (7N

Strictly, these velocity profiles apply only to the case of constant
permeation velocity, but this restriction is circumvented by the
numerical solution technique explained in the next section.

The membrane permeation velocity is evaluated from the ex-
pression

om = K(Pp, — Py — ). (8)

The membrane permeability constant is determined from flux vs,
pressure drop tests with pure solvent or, in our case, with a saline
solution. No allowance is made in the model for a decrease in
permeability due to gel formation, which can oceur at high surface
solute concentrations. The permeate back-pressure is assumed to
be constant, but the tubeside pressure depends on axial position.
With a constant, low permeation velocity and small tube radius,
Yuan and Finkelstein’s work predicts the steady-state, axial pressure
distribution to be
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Our experimental measurements of overall axial pressure drop
were consistently 50% higher than the values predicted from Eq.
9. Conceivable sources of this discrepancy include increased vis-
cosity due to concentration polarization in the high shear region
near the membrane, and inaccuracy in the nominal fiber radius
(a 10% error in radius would account for the entire discrepancy
since [P, — Pp(z)] « r,,* at low permeation velocities). Since we
were unable to resolve this discrepancy, we adopted a simpler ex-
pression based on the observed, overall pressure drop,
z
P, = Pp(z) = APy —.
L
The osmotic pressure in Eq. 8 is a function of solute concentra-
tion at the membrane surface. Perfect solute rejection is assumed.
For the bovine albumin used in this work the osmotic pressure-
composition relationship was determined from the work of Scat-
chard et al. (1946). At 37°C and a pH of 6.7 the empirical rela-
tionship reduces to the polynomial form

7 (mm Hg) = 0.279w + 1.83 X 103 w? + 3.66 X 10~6w3.
(11)

(10)

Solute diffusivity is an important parameter of the Peclet
number in Eq. 1. For albumin in saline at 25°C, Keller et al. (1971)
reported a diffusivity of 7 X 10~7 em?2/s at low concentration, but
only 2 X 1077 cm?/s at 20% albumin. Phillies et al. (1976) reported
values in the range of 5 to 8 X 1077 ecm?/s at 25°C with various
buffers and pH levels, but found virtually no protein concentration
dependence. For our work at 37°C we used a constant value of 9
X 1077 em?2/s, which is consistent with 7 X 1077 cm?2/s at 25°C (D
o T/u) and negligible concentration dependence.

NUMERICAL SOLUTION OF THE MODEL

Drawing from several methods illustrated in von Rosenberg
(1969) we developed a finite-difference solution technique for the
model. To represent the two spatial dimensions and the time step,
a three-dimensional grid was established. Equation 1 was then
written at the center of each grid space using modified centered-
difference analogs for the time and axial derivatives, and modified
Crank-Nicolson analogs for the radial derivatives. Preliminary
solutions established the presence of steep concentration gradients
in the axial direction near the tube inlet and in the radial direction
near the membrane surface. To provide reasonable accuracy in the
finite-difference approximations and still conserve computing time,

a split grid arrangement was used with finer axial grid spacing near
the tube inlet and finer radial spacing near the membrane. Special
finite-difference analogs were written at the interfaces of unequal
grid size.

The solution sequence starts at the first axial grid increment and
the first unknown time step. Each axial increment is treated as a
separate membrane tube with constant tubeside pressure and
permeation velocity. The solute concentration at the membrane
surface is estimated and the permeation velocity is caleulated from
Eq. 8 using the osmotic pressure from Eq. 11. The velocity profiles
are then calculated from Eqs. 6 and 7. The finite difference analog
to Eq. 1 is written for each radial grid position, using Egs. 2 through
5 where appropriate, and the resulting equations are put into tri-
diagonal matrix form and solved via the Thomas algorithm. The
calculated concentration at the membrane surface is compared to
the estimated value, and the procedure is iterated to convergence
using the regula-falsi method. Convergence to 0.5% is usually ob-
tained in three or four iterations.

When the radial profile is established at one axial increment, the
program proceeds to the next axial increment, The new tubeside
pressure is calculated from Eq. 10. After the last axial increment
is calculated, the converged permeation velocities are multiplied
by the incremental surface areas and summed to give the total
permeation rate. The solution then progresses to the next time step
and continues until a steady-state ultrafiltration rate is pre-
dicted.

The numerical solution of the model equations was obtained via
a WATFIV program run on an IBM 370/3033 computer. Con-
vergence studies were run to determine the number and size of
axial and radial increments required to obtain a unique solution.
The final grid arrangement consisted of 40 small radial increments
near the membrane surface and 32 increments over the remaining
radius with the interface 20% of the radial distance from the
membrane. Axially we used 20 small increments over the first 10%
of the length and 10 large increments over the remaining 90%. A
realtime step equal to 1% of the nominal residence time (L /%,) was
sufficient to insure convergence. For individuals runs, CPU time
ranged from 1 to 4 min.

EXPERIMENTS

The steady-state predictions of the mathematical model were compared
to experimental data on the ultrafiltration of protein solutions. An Amicon
model H1P10 hollow-fiber cartridge (Amicon Corp., Danvers, MA) was
used in the experiments. Each of the 1,000 fibers in the cartridge was a 200
um 1.D., anisotropic, noncellulosic membrane rated for a 10,000 molecular
weight cutoff. The measured active length of the fibers between the epoxy
headers was 17 + 0.2 cm.

TABLE 1. EXPERIMENTAL RESULTS AND MODEL PREDICTIONS

Run AP,y AP, Conc. Rate Perm. Rate Pred. Perm.
No. mm Hg mm Hg cm3/s cm?3/s Rate cm®/s

1 46 93 0.84 0.40 0.42

2 40 92 0.61 0.38 0.36

3 37 100 0.45 0.39 0.34

4 32 146 0.37 0.46 0.43

5 43 180 0.62 0.58 0.58

6 53 191 0.89 0.58 0.57

7 51 155 0.81 0.54 0.51

8 50 138 0.83 0.52 0.49

9 51 95 0.94 0.43 0.43
10 37 185 0.35 0.50 0.50

SI conversion: kPa = mm Hg X 0.133.
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Figure 1. Graphical comparison of experimental and predicted
results.

All membrane permeability tests and ultrafiltration experiments were
conducted at 37°C. The membrane permeability was determined from
flux vs. pressure drop measurements with distilled water and with saline
solution and in both static and dynamic tests. In the dynamic tests the flux
was correlated with average transmembrane pressure drop, AP,, +
(AP,.)/2. In all four types of tests the permeability constant was determined
to be 3.8 X 1078 cm/s mm Hg. For filtration runs the feed was 2 mass %
bovine albumin (U.S. Biochemical Corp., Cleveland, OH) in a 0.88% saline
solution at a pH of 6.7. The feed for each run passed through a 0.8 um
prefilter prior to entering the cartridge. During each run a sample of feed
entering the cartridge was collected for a precise, pycnometric determi-
nation of protein coneentration. Timed volumetric collections were made
of concentrate and permeate until steady-state rates were achieved. The
permeate was tested via nitric acid addition to verify the absence of pro-
tein,

RESULTS AND DISCUSSION

Pertinent steady-state experimental results and model predic-
tions are summarized in Table 1. The model input included inlet
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Figure 2. Calculated approach of run 7 to a steady-state permeation

rate.
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Figure 3. Calculated steady-state radial solute profile at a holiow-fiber
exit (run 7).

velocity calculated from the measured concentrate and permeate
flow rates, transmembrane pressure drop at the cartridge exit, and
axial pressure drop. The absolute deviation between the measured
and predicted permeation rates averaged 4.3% of the measured
rate with six of the ten predictions being on the low side. Regression
analyses were run to test for the potential significance of neglected
effects, e.g., natural convection and concentration dependence of
diffusivity. With percent deviation as the dependent variable,
individual linear regressions were run against recovery (permeate
rate/feed rate), transmembrane pressure drop, feed velocity,
nominal feed residence time, predicted maximum surface con-
centration, and predicted permeation rate. None of the correlation
coefficients exceeded 0.2.

Figure 1 is a convenient graphical comparison of the experi-
mental results and the model predictions. A nearly linear plot such
as Figure 1 might be used to predict ultrafilter performance from
a few data points without rigorous modeling of the process, but the
result could be misleading because the plot does not extrapolate
to a zero intercept as one might expect; i.e., it is not linear in the
lower range of recoveries. Protein ultrafiltration data reported by
Wendt et al. (1981) indicated that permeation rate in a hollow-fiber
module is virtually independent of axial velocity. The average flux
in their module was about one-tenth of the flux in our Amicon units,
Our Figure 1 shows that the dependence on axial velocity is weak
but not completely absent. The ordinate is directly proportional
to average flux over inlet axial velocity, %,. Multiplying the abscissa
and ordinate by %, would eliminate %, as a parameter only if the
intercept were zero. We found that a plot of permeation rate
(measured or predicted) vs. transmembrane pressure drop alone
yielded a poorer correlation than Figure 1.

The model can yield considerable information that is of practical
interest. Using run 7 as a typical example, Figure 2 shows that the
ultrafilter approaches steady state rather quickly after permeation
begins. In this work nominal residence times based on inlet velocity
ranged from 3.6 to 6.4 sec. Figure 3 illustrates concentration po-
larization with a plot of the steady-state dimensionless radial con-
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Figure 4. Calculated steady-state axial profiles of surface solute
concentration and permeation velocity (run 7).

centration profile at the exit of a hollow fiber. For this run the bulk
average solute concentration leaving the ultrafilter was 1.67 times
the feed concentration (recovery = 40%), but the surface concen-
tration was more than twice as large.

Figure 4 shows steady-state dimensionless axial profiles of per-
meation velocity and solute concentration at the membrane sur-
face. Based on Eq. 8 alone, one might expect C,, to rise mono-
tonically until 7, = P,, — P, and V,,, goes to zero. But surface
concentration and permeation velocity are also related through Eq.
5, which says that concentration polarization is sustained only by
convection of solute to the membrane with solvent. In other words,
C,, may peak as shown in Figure 4 and then drop off as V,, con-
tinues to decline toward the fiber exit. The relationship is com-
plicated further when V,, is influenced significantly by axial
pressure drop. In other simulations with the model we observed
that axial pressure drop can dissipate the driving force for solvent
flux to the extent that flux reversal (osmosis) will occur near the exit
end of the tube. This extreme behavior occurred at low values of
AP,,/u,, on the order of 10 mm Hg s/cm in our simulations.

SUMMARY AND CONCLUSIONS

A low-pressure, hollow-fiber ultrafiltration system has been
modeled successfully by numerically solving the solute continuity
equation. The model requires prior knowledge of the membrane
permeability constant for pure solvent, the solute diffusivity, and
the solute concentration-osmotic pressure relationship. Input
specifications are inlet transmembrane pressure drop, feed rate,
and overall axial pressure drop. With further work, we hope to
eliminate the need to specify axial pressure drop.

The finite-difference approach allows solution of the model for
the case in which both axial pressure drop and osmotic pressure
have a significant effect on membrane {lux. The model can be used
to predict flux or to investigate other important considerations, such
as the possibility of solute precipitation or gel formation due to
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concentration polarization, or the reversal of flux in high-
throughput, low-pressure systems. The model may also prove useful
in establishing the applicable ranges of simpler analytical models
of ultrafiltration.

NOTATION

C = dimensionless solute concentration, ¢/c,
c = mass concentration of solute

D = diffusivity of solute in solvent

K = membrane permeability constant

L =length of hollow fibers

P = fluid pressure

AP = pressure drop

Pe = initial Peclet number, v,,r,,,/D

R = dimensionless radial coordinate, r/r,,

r = radial coordinate

T = absolute temperature

t = time

U = dimensionless axial velocity, u/a,

u = axial velocity

V = dimensionless radial velocity, v/0,

v = radial velocity

w = mass ratio, g protein/1,000 g water

Z = dimensionless axial coordinate, 20,,,;/T,rm
z = axial coordinate

Greek Letters

u = viscosity

7 = osmotic pressure

7 = dimensionless time, tv,,;/7,,
Subscripts

ax = overall axial parameter

e = exit value

i = ipitial value

m = tubeside value at membrane surface
o = inlet {feed) value

r = radial or transmembrane parameter
s = shellside value

z = axial parameter

Superscript

— = gpatially averaged value
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